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LAMINAR BOUNDARY  LAYER ON A CONE IN 

SUPERSONIC FLOW WITH UNIFORM MASS TRANSFER 

Paul  A.  Libby 

SUMMARY 

A solut ion  for   the  laminar   boundary  layer   on a cone  with  uni- 

f o r m  mass t r ans fe r  is obtained.  The  velocity  f ield  is   found  for  ei ther  suction 

or  injection  but  the  related  solution  for  the  energy  f ield is subject   to   an  energy 

balance  a t   the   exposed  surface  and is  therefore  valid  only  for  injection.  This 

la t ter   solut ion is equally  applicable  to  certain  species  f ields a s  wel l .   The 

present  results  along  with  those  presented  pre;riously  for  the  two-dimensional 

c a s e   p e r m i t  a compar ison  of the  effect of injection  on  boundary  layers  over 

two-dimensional   and  conical   surfaces .  

INTRODUCTION 

The   cha rac t e r i s t i c s  of laminar   boundary  layers   involving mass 

t r a n s f e r   a r e  of interest   in  connection  with  the  thermal  protection of su r faces  

subjected to high-energy  gas  f lows  and  with  boundary  layer  control.   The  es- 

sent ia l   s implif icat ion  resul t ing  f rom  the  assumption of f low  similari ty  has 

led to i ts   widespread  application  to  the  theoretical   treatment of such  boundary 

layers .   Indeed,   in   cer ta in   appl ied  problems,   e .  g . ,  a t   s tagnat ion  points   and 

on  surfaces  involving  steady-state  sublimation,  the  similari ty  assumption is  

exactly  applicable.  Much less attention  has  been  devoted  to  nonsimilar  bound- 

a ry   l aye r s   w i th  mass t ransfer   a l though  they  ar ise   in   problems of prac t ica l  

in te res t ;   e .  g . ,  exper imenta l   research  of a fundamental   nature   is   of ten  carr ied 

out  on  porous  surfaces  which  lead  to  uniform  rates of suct ion  or   inject ion  and 

thus  to   nonsimilar   f lows.   The  present   report   deals   with  the  boundary  layer  

on a cone  in  supersonic  f low  with  uniform mass t r ans fe r .  

-0. 
T 

This   r epor t  is an  extended  vers ion of a paper  ac- 
cepted  for  publication  in  the  Physics of Fluids .  In the  abbreviated  vers ion 
the  previous  analysis   of   reference 1 is  relied  on  heavily  for  notation  and  de- 
tails;   the  present  extended  version is more  complete   and  self-contained.  



The  analysis   develops  f i rs t   the   veloci ty   f ie ld   in   the  boundary 

layer  on  the  cone;  this  will  be  found  to  be  applicable  to  suction as well as to 

injection.  However,  the  next  stage of the  analysis  pertain 's  to the  energy 

and  species   conservat ion  f ie lds   associated  with  this   veloci ty   dis t r ibut ion 

under  st-eady  f low  conditions;   thus  energy  and  species  balance  conditions  are 

appl ied   a t   the   porous   sur face   and   the   resu l tan t   so lu t ions   a re   appl icable   on ly  

to   the  case of injection.  This is general ly   the  case of greater   appl ied  interest .  

The  present  analysis  should  be  considered a generalization  to 

the  case of a cone of previous  two-dimensional  solutions  with  uniform  mass 

transfer.   In  the  context of modern  t ransformations of the  equations  describ- 

ing  laminar   boundary  layers   for   both  two-dimensional   and  axisymmetr ic   f lows,  

i t   may  be a pr ior i   surpr is ing  that   these  two  cases   must   be  t reated  separately.  

However,   the  requirement of uniform  mass  t ransfer   leads  mathematical ly  to 

two  dist inct  cases  and  the  analysis  for  one  cannot  be  interpreted so as to  apply 

to  the  other.   Physically,   the  dist inct   behavior  in  the two cases   appea r s  to  be 

related  to  the  different  effect  of the  uniform  mass  t ransfer   on  the  boundary 

layer  growth  which  in  both  cases is nonparabolic,  a symptom of nonsimilar i ty .  

The  problem of the  two-dimensional  boundary  layer  with  uniform 

mass   t ransfer   has   been   cons idered  by severa l   au thors ;   Ig l i sh   ( re ference  2 )  

p resents  a solution  for  incompressible  f low  with  uniform  suction.  Lew  and 

Fannucci   ( re ference  3 )  provide  the  extension  to  compressible  f lows  with  either 

uniform  suction  or  injection.  The  analyses of both  references 2 and 3 deal 

primarily  with  the  velocity  f ield  and  involve  the  numerical   solution of a p a r -  

t ia l   d i f ferent ia l   equat ion  which  is   f ree   f rom  parameters   and  which  thus  has  

been  integrated  once-for-all .  

Libby  and  Chen  (reference 4) recently  treated  the  two-dimensional 

c a s e  by car ry ing   ou t   an   expans ion   in   t e rms  of a mass t r ans fe r   pa rame te r .  

This  permits  the  velocity,   energy  and  species  f ields,   the  lat ter two  involving 

balance  conditions  at   the  porous  surface,   to  be  determined  from  the  successive 

solution of ordinary  differential   equations.   The  velocity  f ield  provided by re f -  

e rence  4 duplicates  that   obtained  previously  in  references 2 and 3 but  i ts   avail-  

abi l i ty   and  descr ibing  form  permit   the   energy  and  species   f ie lds ,   which  had 
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previously  been  largely  ignored,  to  be  readily  obtained. Of in te res t   in   these  

solutions is the  distribution of wall  enthalpy  and wall concentration of the 

var ious   spec ies   p resent .   For   example ,  at the  leading  edge of the  plate  the 

enthalpy  at   the  porous  surface is equal  to  the  stagnation  enthalpy of the ex- 

ternal   f low;  downstream  from  the  leading  edge  the  wal l   enthalpy  approaches 

that   in   the  coolant   chamber .   Similar   considerat ions  apply  to   the  composi t ion 

a t   the   porous   sur face .   Such   s t reamwise   behavior   i s ,  of course,   symptomatic  

of nonsimilar  f lows. N o  generalization of the  aforementioned  two-dimensional 

analyses  to   the  axisymmetr ic   case  appears   to   have  been  performed.   However ,  

Libby  ( reference 4)  in  connection  with  an  analysis of mass   t ransfer   e f fec ts  

t reated  as   per turbat ions  recent ly   performed a calculation  related to tha t   p re -  

sented  here   but   involving  only  the  f i rs t -order   effect  of injection.  The  prin- 

cipal  motivation  and  utility of the  analysis of re ference  4 a re   the   poss ib i l i ty  

of computing  the  effects of a rb i t ra r i ly   d i s t r ibu ted   mass   t ransfer .  

It is perhaps of i n t e re s t  to  note  that  none of the  aforementioned 

ana lyses   a re   ab le   to   answer   the   ques t ion  of whether a constant,   f inite  injection 

ra te ,  (pv),, applied  over a finite  streamwise  length,  x, l eads  to  "blow-off, ' I  

i. e . ,  to a point of zero   sk in- f r ic t ion .   The   ear l ie r   s tud ies  of boundary  layers  

with  mass   t ransfer   based  on  momentum  integral   methods  indicated a negative 

answer  to   this   quest ion  but   Stewartson  ( reference 5)  has   recent ly   cal led  a t -  

tention  to  some  unpublished  results  which  imply  an  affirmative  answer. 

Studies of the  behavior of boundary  layers  in  the  neighborhood  and  downstream 

of  the  "blow-off"  point a r e  of cons iderable   in te res t   bu t   a re   ou ts ide   the   scope  

of the  present   paper .  

-8- 
.I. 

The  present   analysis   fol lows  c losely  that  of re ference  1 and 

provides   i ts   extension  to   the  axisymmetr ic   case;   the   solut ion  for   the  veloci ty  

field is presented  f i rs t   and  then  appl ied  to   the  determinat ion of the  energy 

and  species  f ields.  

J. 
'I. 

In te rms   of   the   mass   t ransfer   parameter  

C E [ - ( p ~ ) ~ / p ~ p ~ u ~ ] ( s / 2 ) ~ / ~ ,  "blow-off"  occurs 

of re ference  1 ,  namely 

a t  c = -0 .  6 0 6 .  
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Subscr ipts  

SYMBOLS 

local  skin-friction  coefficient 

t ransformed  s t ream  funct ion,  cf.  equation ( 2 )  

unit   solutions  for  the  energy  and  species  f ields,   cf .   cquation (LO) 
ra t io  of  stagnation  enthalpies,   hs/h 

static  enthalpy 

stagnation  enthalpy,  (u 1 2 )  + h 

unit  solutions  for  the  velocity  field,  cf.  equation  (11) 

inhomogeneous  terms,  cf .   equations ( 1 2 )  and  (21) 

cyl indrical   coordinate  

t ransformed  s t reamwise  coordinate ,   cf .   equat ion  (1)  

streamwise  velocity  component 

normal  velocity  component 

s t reamwise  coordinate   a long  the  surface 

mass   f r ac t ion  of spec ies  i 

coordinate   normal   to   the  surface 

cone   parameter ,  (y 5 sin 8 

mass t ransfer   parameter   for   two-dimens iona l   case  

t ransformed  normal   coordinate ,   cf .   equat ion ( 1 )  

cone  half-angle 

viscosity  coefficient 

mass   dens i ty  

t ransformed  s t reamwise  coordinate ,   cf .   equat ion (8) .  

s ,  e 

2 

. c  

C 

e 

W 

s ,  e 

refers  to  conditions  in  the  coolant  chamber 

refers   to   condi t ions  in   the  external   s t ream 

refers   to   condi t ions  a t   the   surface,  y a q = 0 

r e f e r s  to stagnation  conditions  in  the  external  stream. 

THE VELOCITY  FIELD 

The   geometr ica l   and   dynamica l   var iab les   be ing   cons idered   a re  

shown  schematically  in  f igure  1.   The  velocity  distribution  throughout  the 
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boundary  layer  may  be  obtained  in  terms of t ransformed  var iab les   f rom  the  

x-wise  momentum  and  the  mass   conservat ion  equat ions  a lone  provided  there  

is employed  the'   common  assumption  that   the  ratio ' p p / p  p 1. The  t rans-  

formed  var iab les   a re   the   wel l -known  Levy-Lees  r l l  s (cf., e .   g . ,   re fe renc 'es  

5 and 6)  def ined ' for   the  present   problem  according  to  

. .  

e e  

r )  E pe ue r ( 2 s )  - ' I2  r (p/pe) dy' 
JO 

s p p u r y  r2  dx = pepeue a (x / 3 )  2 3  
e e e  J 0 

where r = x s in  8 = ax.  The  velocity  components  are founc 

formed  s t ream  funct ion f (s ,  7 )  by means  of the  equations 
C 

( 1 )  

3 f rom  the   t rans-  

u = u  € 
e r )  

A useful   resul t   f rom  the  second of equations ( 2 )  re la tes   the  dis t r ibut ions of 

f(s,  0) E fw(s) and of (pv),, i. e . ,  

- [ ( 2 S p 2  f 3 = - d (PV), 
d s  W pepeUer ' 

Finally,   the  partial   differential   equation  for f ( s , q )  is (c f . ,   e .  g . ,  re fe rence  6 )  

f + f f  - 2 s ( f  f - f  f ) = O .  
rlrlrl rlr) r )  srl s rlrl 

(4) 

Consider  next  the  conditions  to  which  the  solution of equation (4) 

is to  be  subject; i f  i t  is assumed  tha t  s f 0 for  all as s - 0 and  that 

f(0, 0 )  = fw(0) = 0 as \vi11 be  shown  to  be  the  case  below,  indeed fw a s , 
then 

S 1 / 6  
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where f is the  Blasius  function  and  where  the  prime  denotes  differentiation 

with  respect to q. This   behavior   near   the  or igin of the  boundary  layer  should 

be  contrasted  with  that  which  prevails  for  flows  with  fw(0) # 0;  this is the 

case  for   the  boundary  layer   on a cone  in  supersonic  flow if  (pv) 0: s -112 

a t   l e a s t  as s + 0. Then  the  effect of mass   t r ans fe r   p reva i l s   even   a t  s = 0. 

In   the  present   case  the  uniform mass t r ans fe r   mus t   pe r s i s t   ove r   some   d i s -  

tance  f rom  the  or igin  before   i t   inf luences  the  boundary  layer .  

0 

W 

The  conditions  on f ( s ,  v) far from  and  a t   the   porous  surface 
rl 

a r e   t h e   u s u a l  

f ( s , c o )  = 1 , f ( S , O )  = 0 . 
rl rl ( 6 )  

The  final  condition  introduces  the  effect of mass t ransfer ;   f rom  equat ion   (3)  

i t  is found  that  for  uniform mass t r ans fe r ,  i. e. , ( P V ) ~  = constant,  

Thus fw(s) a s ' I6  as contrasted  to   the  two-dimensional   case  in   which 

fw(s) a s ' I2 and  to   the  case of similar flow  in  which fw(s) = cons tan t .   For  
a given  uniform,   inject ion  ra te ,   g iven  cone  angle   and  given  propert ies   of   the  

external  f low  the  factor  within { in  equation ( 7 )  is known. 

I t  is convenient  to  introduce a new,  nondimensional,  independent 

var iable ,  x, such  that   the   solut ion  for  f is considered as f(X, q) where  

x = c  1 s  116 
(8) 

Note  that x < 0 for  injection  and x > 0 for  suction.  Note  further  that  x 
cor responds  to ~ ( s )  used   in   re fe rence  1 for   the  two-dimensional   case;   th is  

correspondence  will   be of interest   in   some  considerat ions  below of the  relative 

effect  of mass t ransfer   on  the  boundary  layer   on  wedges  and  cones.  

Equations (4) through ( 7 )  then  yield  the  following  mathematical 

problem: 
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f ( 0 , q )  = fb( ' l)  ; f (x,00) = 1 ; f (x, 0) = 0 ; f()i,  0)  = >i . 
77 77  77 

The  quantity of most  technological  interest   from  the  solution 

for  the  velocity  field is the  skin-fr ic t ion  coeff ic ient ;   in   terms of f ( X , q )  this 

is 

so that   the  distribution of wall   values of f is of interest .   Note,  of cour se ,  

that  in  equation  (10) X = ~(x). 
r)77 

The  solution of equations (9)  can  be  carr ied  out   by  f ini te   dif-  

ference  procedures   for   both  posi t ive  and  negat ive  values  of x s ta r t ing  at 

X = 0. Such a solution  would  correspond  to  the  extension  to  the  cone  case 

of the  two-dimensional  calculations of Ig l i sh   ( re ference  2 )  for X > 0 and 

of Lew  and  Fannucci  (reference 3 )  for  x 5 0. A less   ambit ious  computing 

task is involved i f  a ser ies   solut ion  analogous  to   that  of re ference  1 is found; 

such a solut ion  appears  to be  adequate  for  many  applied  problems.  Thus 

a s s u m e  

Substitution  into  equation (9)  and  collection of l ike-powers   in  x leads  to  the 

infinite a r ray  of equations 

N"' t fo  N: - (n /3 )  f b  N h  t Ll t (n /3) ]  f "  N = 0 , n = l  n O n  
(12) 

- (1) - R n  , n r 2  

where  the  R(l)   are   nonl inear ,   inhomogeneous  terms  depending  on  Nk(n) ,  

k = 1, 2,  . . . , n - 1.   For   example,  
n 
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R(')  3 = N' N' - (1/3) N 1  N; - ( 2 / 3 )  N2 N; . 1 2  

The  solutions of equat ions  (12)   are   subject   to   the  boundary  condi t ions 

N '  (0)  = N;(m) = 0 n 

= o  , n r  2 

The  f i rs t   f ive  funct ions N ( 7 7 )  have  been  found  numerically. 

The  crucial   values   for   generat ing  these  funct ions  in   detai l   are  N''(0); a c -  

cordingly,   these  have  been  l is ted  in   Table  I. In  addition  the  "velocity  pro- 

files" a r e   u s u a l l y  of most   g raphic   in te res t  so these  have  been  given  in  fig- 

ure   2 .   Also  of i n t e re s t  is the  variation of ( f  ) with X; this  is  shown  in 

f igure 3 for   four   and   f ive   t e rms   in   the   se r ies .   From a practical   viewpoint 

the  availabil i ty of only  f ive  terms  would  appear   f rom  f igure 3 to  be  unimpor- 

tant  provided I X I X 0. 6 .  

n 

rlrl w 

The  availabil i ty of this  solution  for  the  velocity  f ield  in  the  axi-  

symmetr ic   case   a long   wi th   the   p rev ious ly   ava i lab le   so lu t ions   for   the   two-  

d imens iona l   ca se   pe rmi t s  a compar ison  of the  relative  effects of mass t rans-  

fer on  cones  and  wedges  be  carr ied  out .   For   this   purpose  i t  is of in-  

t e r e s t  to compare  ~ ( s )  and X(>;); thus  consider a \\.edge and a c o n e  

under  flow  conditions So that Pep P 2 J  u are the   same  in   the two 

cases   and   l e t  (pv),/p u be  common.   Then  a t   equal   dis tances   f rom  the 

leading  edge  and  from  the apeA'; si. e . ,   a t   t he   s ame   s t a t ion   x ,   i t   c an   be   shown  

that 

e 

e e  

Moreover ,   the   ra t io  of the  skin-fr ic t ion  coeff ic ients   a t   the   same  x-s ta t ion 

becomes 
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where i t  is to  be  understood  that  the s and x in   the  arguments  of f a r e  

re la ted  according to  equation  (15)  in  order  to  assure  comparison  at   the  same 

x-station.  Note  that i f  f ( s ,  0)  = f ( x , O ) ,  then  equation  (16) is s imply  the 

well-known  relation  between  the  skin-friction  on a cone  and  wedge  without 

m a s s   t r a n s f e r .  If f ( s ,  0)  = f,,(X, 0 )  with  mass   t ransfer ,   then on the  basis  

of the  comparison as car r ied   ou t   here ,  mass t ransfer  is considered  equally 

effective  in  both  geometries. 

nr) 

r)r) v? 

Vrl 

In  f igure 4 the   ra t io  of the two skin-fr ic t ion  coeff ic ients  is given 

for a range of X. The  wide  excursion of th i s   ra t io   f rom  the   zero   mass   t ransfer  

value of 0. 578 wil l  be   noted.   From  this   f igure  i t   wi l l   be   seen  that   the   effect  

of mass   t ransfer   in   a l te r ing   the   sk in   f r ic t ion  is greater  on  wedges  than  on 

cones  when  the  comparison  is   carr ied  out   on  the  basis   descr ibed  above.  

Note, of course,   that   the   total   mass   added  through  the  porous  surface  f rom 

the  apex of the  cone to  the  generic  station x per  unit   length of p e r i m e t e r   a t  

x is one-half   that   added  from  the  leading  edge of the  wedge  over  the  same  x- 

wise  length  per  unit   length  parallel   to  the  leading  edge. 

THE  ENERGY  FIELD 

The  energy  f ield wil l  be   descr ibed   in   t e rms  of the  ra t io   of   s tag-  

nation  enthalpies, g = h s / h  . In  addition  to  the  previously  employed as -  

sumption, pp/pepe = 1,  i t   will   be  assumed  here,  as is frequently  done,  that 

the  Prandtl   number is unity,  that a single  diffusion  coefficient  exists  and  that 

the  Schmidt  number  based  thereon is unity.  Then  the  energy  equation  in x, r )  

var iab les  is ( c f . ,   e .  g . ,  re fe rence   6 )  

s ,  e 

where   i t  is assumed  that   f(X,n) is known from  the  above  analysis.   The  solu- 

tions  to  equation  (17)  apply  to a var ie ty  of physical   cases  depending  on  the  ini-  

t ial   and  boundary  conditions  at   the  porous  surface.   Here  there  will   be  con- 

s idered  only  the  case of injection (x < 0);  moreover ,   i t   wi l l   be   assumed  that  
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the   convect ive  heat   t ransfer   f rom  the  gas  to the  porous  surface is absorbed  

by the  injected  gas   in   passing  f rom  an  inject ion  chamber ,   where  i ts   enthalpy 

rat io  is constant  and  denoted  by g to  the  exposed  surface  where  i ts   en- 

thalpy  ratio is variable  and  denoted by g = g,(x), to  be  determined.  Thus 

under  steady  f low  conditions  the  convective  heat  transfer  is   found  to  be  re- 

lated to  the  enthalpy  difference (gw - g ) according  to- 

C '  

W 

4- 

C 

Note  that  both  the  case of a coolant  being  injected  to  provide  thermal  insula- 

tion, i. e . ,  < 1,   and  the  case of a heated  gas  being  injected  to  heat  the 

surface  and  the  boundary  layer ,  i. e . ,  gc > 1,   may  be  t reated by the   p resent  

ana lys i s ;   pe rhaps   t he   fo rmer   ca se  is of g rea t e r   cu r ren t   i n t e re s t .   I t  is perhaps 

worth  noting  that i f  in  addition  to  the  convective  heat  load  there  exists a uni- 

form  addi t ional   thermal   load,   e .   g .  , due  to  radiation,  then  this  heat  balance 

condition  st i l l   prevails  but  with a redefined g which  accounts  for  this  added 

load. 

gC 

C 

From  equat ion  (18)   and  qui te   separately  on  physical   grounds 

i t  is expected  that   at   the  origin (x = 0) ,  g (0)  = 1 so that  the  initial  and  ex- 

t e rna l   s t r eam  cond i t ions   a r e  
W 

g(xJ O0) = g(O, v )  = (19) 

The  solution of the  problem  posed by equations  (17)  through ( 1 9 )  

again  may  be  found  by  finite  difference  calculations;  here a se r ies   so lu t ion  

is found  in  the  form 

where  the G (v) funct ions  are   given by a n   a r r a y  of ordinary  different ia l  

equations 
n 

.ar 
-8. 

Reference 1 provides a detailed  derivation of the  energy  and  species  
balance  conditions;  little  change is necessary  to  obtain  the  conditions  for  the 
cone  case.  
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GA t foGh - (n /3 )  fbGn = 0 , n = l  

- R n  8 
- ( 2 )  n r 2  

and  are   subject   to   the  condi t ions 

= (4 /3 )  , n = l  . 

Again  the R ( 2 )  functions  are  known,  nonlinear  functions of the  previous 

Nn and Gn  functions ; for   example 
n 

R(') 2 = - (4 /3 )  N1 Gi  - ( 1 / 3 )  N; G1 

R ( 2 )  3 = - (4 /3 )  N1 G i  t ( 2 / 3 )  N '  1 2  G t (1 /3 )  N '  2 1  G - (5 /3 )  N G' 

(22) 

2 1 '  

The  f i rs t   f ive Gn solutions  have  been  obtained  numerically;  

their   reproduct ion b y  s t ra ightforward  numerical   in tegrat ion  requires   the 

values of  G ( 0 ) .  and  Gh(0)  l isted  in  Table 11. For   g raphic   d i sp lace   the  

dis t r ibut ions of  G (7)) a r e  shown  in  figure 5 while  the  distribution of wall 

enthalpy  in  the  form  (1 - g,)( 1 - gC) - '  as  given by four   and   f ive   t e rms   in  

the   se r ies  is  shown  in  figure 6.  

n 

n 

The  quantity  which  is  of grea tes t   appl ied   in te res t   f rom  the   energy  

solution  obtained  here  is   the  distribution of w a l l  enthalpy  in   terms of g,(x) 

obtainable   f rom  f igure 6. Note  that  increasing I x [  co r re sponds  to i n c r e a s -  

ing x and  that  as x increases  changes  from  unity  to g in  the  manner 

shown  in  figure 6 .  Again  such  behavior is  symptomatic  of nonsimilar   f lows.  
gw C 

If t he re  is considered  the  comparat ive  eff icacy of injection  on 

wedges  and  cones  in  making g approach  g then  on  the  same  basis  as 

used  above  for   the  comparison of skin  f r ic t ion,   i t  is found  that  injection is 

more  effect ive  on  wedges  than  on  cones.  

W C '  

I n   c lo s ing   t h i s   s ec t ion   s eve ra l   r emarks   a r e   pe rhaps   i n   o rde r .  

The  solutions  for  both  the  velocity  and  energy  f ields  have  been  obtained  in 

11 



t e r m s  of the  t ransformed  var iables  x and r); the  relation  between  the  phys- 

ica l ,   s t reamwise   coord ina te  x and >( is s imply  given  in   terms of the  in- 

jec t ion   ra te   and  of the  external  f low  and  cone  characterist ics.   The  trans- 

format ion   inverse  to that  of equation  (1)  yields y = y(x, 77) i n   t e r m s  of a n  

integral   wi th   respect   to  77 of the  density  ratio p / p  and  requires   expl ic i t  

determinat ion of that   densi ty   ra t io .   This   in   turn  requires   s imultaneous  con-  

s idera t ion  of the  velocity,   energy,  and  species  f ields  and  involves  an  equation 

of s ta te ,   and  re la t ions  between  s ta t ic   temperature   and  s ta t ic   enthalpy of each 

species   present .   Calculat ions of t h i s   s o r t   a r e   s t r a i g h t f o r w a r d   a n d   a r e  of in-  

terest   in  connection  with  comparisons  between  experiment  and  analysis.  

Note  that  the  applicability of the  present   solut ion  for   the  energy  f ie ld   to  a 

species   f ie ld  is discussed  below. 

e 
, .  

CONCLUDING REMARKS 

In   re fe rence  1 i t   is   shown  that  the  solutions  for  species  and 

energy   conserva t ion   in   the   two-dimens iona l   case   a re   ident ica l   p rovided   no  

chemical   react ion  takes   place,   and  provided a spec ie s   mass   ba l ance   ac ross  

the  porous  surface i s  asser ted .   The   same  cons idera t ions   apply   to   the   cone  

c a s e  as  wel l .   The  mathematical   formulat ion  for   the  species   f ie ld   involves  

replacing g in  equation  (17) by the  species  mass fract ion,  Y . ,  replacing 
1 

gw’  gc and  (g )w in  the  energy  balance of equation  (18)  by Y .  Y .  and 
77 1, w’ 1, e 

[(Yi), ,Iw,  respectively,   and  replacing  equation  (19) b y  Y.(x,  a) = Y . ( O ,  r)) = 

Y .  . Then  the  solution  for Y .  is sought   in   the  form 
1 1 

1, e 1 

n = l  

as  in  equation (LO). Thus  the  solutions  for Gn(r)) may  be   appl ied   in   de te r -  

mining  the  species  f ields as  well. 

It is  a lso  noted  in   reference 1 and   repea ted   here   for   comple te -  

ness   that   the   analysis  of species   conservat ion is applicable  to  boundary  layers 

with  chemical  reaction  provided  the  species  conservation is  replaced by e l e -  

ment   conserva t ion ;   in   th i s   case   the   spec ies   and   tempera ture   f ie lds   mus t   be  

12 



found  from  the  solutions  for  element  and  energy  conservation  obtaincd  here 

and  f rom  addi t ional   assumptions  regarding  the  chemical   behavior  o f  the s y s -  

tem,   i .  e . ,  whether   i t   corresponds  to   equi l ibr ium  chenl is t ry   or   to   f ini te   ra te  

behavior ,   and  regarding  the  re la t ions  between  s ta t ic   temperature   and  species  

enthalpy. 
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Table 1. Init ial   values of t h e  N ( v )  functions. n 

n N " ( 0 )  n 

1 0.  9039 

2 0.2504 

3 -0 .  1068 

4 0 .  04038 

5 -0.  07963 

Table  11. Init ial   values of the  Gn(v)  functions. 

n 

1.  333 - 2 .  465 

3 .  287 - 1.645 

2.  193 -0.2046 

0.  2728 -0 .  1205 

0. 1607 -0 .  1214 
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Figure  1 .  Schematic   representat ion of the flow. 
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F i g u r e  2 .  The functions Nk(q ) .  
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Figure  3 .  The  effect  of mass  t r ans fe r  on the  skin-fr ic t ion  parameter .  
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Figure  4.  The  relative  effect  of mass  t ransfer   on  skin  f r ic t ion.  
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Figure  5.  The  functions  Gn(q).  
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Figure  6 .  The  variation of wall  enthalpy  with  the  injection  parameter. 
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